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Equations are  derived for  calculating mean and local heat t r ans f e r  coefficients for vert ical ly 
finned plates under  natural  convection. A relation is obtained which will yield the most  effec-  
tive spacing of f ins.  

Vertically finned plates  have found widespread use in the design of var ious devices for producing the 
required thermal  pe r fo rmance .  

Several studies have been made concerning the heat t r ans fe r  between such sur faces  and the sur round-  
ing medium. In most  of them the heat t r ans f e r  coefficient was assumed ei ther to be a given quantity [6, 7] 
or  to be determinable on the bas is  of known formulas  for smooth plates [5]. Such studies are  useful for 
exploring var ious  aspects  of the heat t r ans fe r  through finned walls, but they do not yield resu l t s  f rom which 
the heat t r ans f e r  to the surrounding medium can be calculated with sufficient accuracy .  

In o rde r  to determine the quantity of heat dissipated f rom finned surfaces  by natural  convection, G. 
N. Dul 'nev and No N. Tarnovskii  had proposed a method [1] which served as the basis  for subsequent 
studies [2, 8]. According to this method, the mean heat t r ans fe r  coefficient is calculated f rom known 
formulas  for smooth ver t ical  plates,  but with a reduced t empera tu re  excess  between wall and ambient 
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Fig. 1. Assumed model of em- 
perature and velocity distribu- 
tion curves  plotted for  the case 
when a i r  moves between f ins.  

medium taken into account .  The ambient t empera ture  i s  he re  taken 
equal to the t empera tu re  half-way between fins and is determined f rom 
the condition for the development of laminar  boundary l aye rs  at the 
fin su r faces .  

The Dul 'nev-Tarnovsk i i  method allows a bet ter  accuracy  in the 
design of plates with ver t ical  rec tangular  f ins.  Experimental  studies 
have shown [3, 4], however,  that the values of mean heat t r ans fe r  
coefficients in this case still differ considerably f rom the test  values.  
The reason for this d iscrepancy may be that no account has been 
taken of the fact that the pat tern of convective flow between fins is 
different than in the case of a smooth vert ical  plate.  All this makes 
it n e c e s s a r y  to fur ther  refine the methods of designing such su r faces .  

We will outline here  the calculation of vert ical ly finned plates 
in a i r .  One determines  the quantity of heat neces sa ry  for  ra is ing the 
t empera tu re  of the air  which passes  between fins f rom the ambient 
level to the mean final level .  The following assumptions are  made 
in the derivation of the design formulas :  

1) The tempera tu re  of the fin sur faces  is constant and equal 
to the t empera tu re  of the base plate.  

2) The distribution of velocit ies and t empera tu res  during the 
flow of air  between fins is determined by the same relation as in the 
case of a flat plate surrounded with a laminar  boundary l aye r .  All 
p a r a m e t e r s  of the boundary l ayer  at a fin surface vary  till they reach  
the values corresponding to y = s /2 .  The proposed model of 
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Fig.  2. Mean heat  t r a n s f e r  coef -  
ficient for  a pla te ,  as  a function 
of the dis tance between fins and of 
the fin height:  based  on Eq.  (13) 
(solid curves)  at fin height 0 (1), 
6.35 m m  (2), 12.7 m m  (3), 1 9 m m  
(4); based on the D u l ' n e v - T a r n o v -  
skii method (dashed curve);  t e s t  
points  based on data in [4] for  fin 
height 6 . 35mm (I), 12 .7mm (iI), 19 
m m  (III). H e a t t r a n s f e r  coeff icient  

(W/m 2" ~ dis tance s (mm).  

t e m p e r a t u r e  and veloci ty distr ibution cu rves  plotted for  the ease  
when a i r  m o v e s  between fins is  shown in Fig.  1. The dashed 
cu rves ,  which �9 have been drawn in hddition to the solid ones,  indi-  
cate  the t rend which the l a t t e r  would follow if l a m i n a r  l a y e r s  
c ha r ac t e r i s t i c  of smooth ver t i ca l  p la tes  would develop at the f ins .  
Por t ions  of the cu rves  f r o m  the fin su r faces  to ha l f -way between 
them,  for  l > l i, a r e  shown in solid l ines  and r e p r e s e n t  the d i s -  
t r ibut ion of ve loci t ies  and t e m p e r a t u r e s  in accordance  with the 
original  p r e m i s e  - with a i r  moving  between f ins .  

The shape of veloci ty and t e m p e r a t u r e  p rof i l es  along the 
plate  height f r o m  0 to li i s  the one c h a r a c t e r i s t i c  of smooth 
ver t i ca l  p la tes  surrounded with a l amina r  boundary l a y e r .  

3) The heat  t r a n s f e r  between the fin ends and the base  pla te  
sur face  separa t ing  the fins is  de te rmined  according  to fo rmu la s  
for  smooth s u r f a c e s .  The actual  heat  t r a n s f e r  may  in this case  differ  
somewhat  f rom the calculated one. The e r r o r  cannot be ap-  
p rec iab le ,  however ,  because  the di f ference h e r e  is  in this  case  
an insignif icant  f rac t ion  of the total  heat  t r a n s f e r  f r o m  the ent i re  
finned su r face .  At the same  t ime,  these  assumpt ions  s implify 
the calculat ions cons iderab ly .  

The quantity of heat  which the a i r  r e c e i v e s  f rom the fins can be de te rmined  by consider ing the t h e r -  
mal  flux emit ted by the f ins .  The quantity of hea t  p e r  fin e lement  one unit high, 1 • dy (Fig. 1), is 

dQp = (t--- t0) ucTdy. (1) 

According to [9, 10], we a s s um e  the t e m p e r a t u r e  dis tr ibut ion curve  for  the  boundary l a y e r  to be 

t = t o + O  1 - - ~ -  , 

and the veloci ty  var ia t ion to follow the re la t ion 

u =4,02 (g[~Ol) '/2 --~ 

(2) 

(3) 

The th ickness  of the boundary l aye r  in these  equation is  

{iv ~ '),/4 =5,3 , (4) 

The densi ty of a i r  can be said to change with the t e m p e r a t u r e  according  to the following re la t ion  for  
the 0-150~ range:  

? = (1,263--0,00335t) 9,81. (5) 

On the bas i s  of Eqs .  (2)-(5), the quantity of heat  emit ted by two l a t e ra l  fin su r faces  is  

S/2 ( $4 S~ S6 $7 S8 ) 
Q f = 2  j" dQf =10,6 (~03) '/2 tll'/4s 2 - t . , s  3 + t 3 - - ~  - t ,  - ~  + t 5 ~ + t n --7- - t  v ~7~ ' 

0 , 

where  the following designat ions have been made  fo r  c lar i ty :  

tl__ 377-- t~ .  t2= 377--2t~o--0 2 . t3 754--'2t w - 3 0  3 �9 . - -  = . - -  . 

~ 1  ~ 3 ~ 3  8 

t~ : 377-- tw --40 377 ~ t w - -  140 30 
56~ ; ta=  486? ; t ' =  566~; 

0 ( : ),:4 
t7 = 2566~ ' 61 =5,3 \ ~ - /  . 

(6) 

The t he rma l  flux diss ipated along one ve r t i ca l  groove of a finned pla te  i s ,  with the fin height h, 

Q = Qfh +~sm / (b + s)0. (7) 

The heat  t r a n s f e r  coeff icient  for  a smooth plate  ~ sm can be de te rmined  f r o m  the c r i t i ca l  equation [9, 10] 
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Fig. 3. Graph for  de te rmin-  
ing the distance between fins 
which cor responds  to the 
maximum heat t r a n s f e r  f rom 
a plate: S m . h . t .  (mm), l (m), 
t w ( ~  

pr~/2 
Nu =0,678 (0 , - -2+- r  - ~ / 4 9 5  P )  Grl/4" (8) 

F rom here  

�9 prl/2 ~, (gf~O) 1/4 
asm =0,678 (0,952+ Pr) 1/4 \ - ~ ]  . (9) 

Considering that the Prandtl  number  and the r a t io  ~,/Vl/2 are  
a lmost  invariable for  a i r  ( k / v l / 2  ~ 6.65 at normal  p ressure ) ,  we have 
for  the heat t r ans fe r  f rom a smooth plate 

Now Eq. (7) becomes 

asm= 5,94 ( - ~ )  '/4 . (10) 

Q=Qfh-} -  5,94 ( 0~" 1~/4l(b4 s)O" t / (11) 

On the other hand, 

Q = ~zl (2h -I- b -F s) O. (12) 

Equating (11) and (12), we obtain, after  a few t ransformat ions ,  
the following expression for  the heat t r ans fe r  coefficient for a firmed 
plate 

( 82 S 4 S 5 S 6 s ~ _  + t~ 

+t~ - ~ - t ~ - / ~  +5,94 (o+~) /(2h+s+b}. (13) 

The values of the physical  p a r a m e t e r s  in this equation must  correspond to the mean air  t empera ture  
in the boundary layer :  

6 
I u (t - -  to) cvdtj 

T = t o -~- 6 0 (377-- l w +0,4640) (14) �9 = t0q- 
i" ucvdy 943--2,49twq- 1,50 

qUhe values of mean heat t r ans fe r  coefficients calculated according to Eq. (13) are  compared in Fig. 2 
with values obtained experimental ly [4] and with values obtained by the Dul 'nev-Tarnovsk i i  method.  
Calculations and tes t  data are  shown for  a plate I = 0.203 m high at tw = 82.5~ and 0 = 64.5~ As can 
be seen here ,  the calculations based on Eqo (13) agree closely with the tes t  data. The test  points do not 
depart  f rom the calculated curve by more  than 8%. 

It is  well known f rom the studies in [1, 4] that, as the distance between fins dec reases ,  the rate  of 
heat t r ans fe r  f rom a plate f i rs t  i nc reases  to a maximum and then dec rea se s .  In o rde r  to design effective 
heat exchangers ,  one mus t  know what distance between fins will yield the maximum rate  of heat t r ans f e r .  
The heat dissipated by a finned surface is more  conveniently expressed relat ive to the rate  of hea~ t r ans f e r  
f rom a smooth ver t ical  plate with an equal front surface and at the same wall t empera tu re .  Then Eq.  (11) 
yields 

Q . . . .  1,78(~o)~/~ h (q s ~- 

55 S 6 ~ S 7 S 8 
--q ? ~ +  t~ ~.~-'-t0 t.-~-t7 5;-) +1. (15) 

Equating the derivat ive d(Q/Qsm)/ds  to zero,  we obtain, after  a few t rans format ions ,  a formula  for 
the optimum distance between fins - corresponding to the maximum heat t r ans fe r  f rom the plate: 

3bs -% 2s 2 4bsZ ~- 3s 3 5bs3 + 4s ~ 
t 1 (2b -~ s) - -  t~ tl/4 + t 3 l i~2 t 4 t3/4 
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q- t~ 

The distance between fins can, 
f rom the graph shown in Fig.  3. 

6bs4 q-5sS ~ -t- 16 7bs~ +6s~ 8bs6 +7s7 (16) 
l 15/4 17 13/2 

according to this equation, be determined (at b = 2.5 mm and t o = 18~ 

It may become n e c e s s a r y  in the design of finned plates  to de te rmine  the local  heat t r an s f e r  coeff i -  
c ien ts .  We then proceed  as follows. 

The heat dissipated f rom a ver t ica l  groove of a finned plate whose height is  x will, according to 
Eq.  (11), be equal to 

Qx = Qf:h + 5,94 (O[~x~) '/4 (b q- s) O. 

As the height of a plate is  increased  by dx, the heat t r a n s f e r  ra te  i nc rea se s  by 

dq~ = (Q.# dx. 

(17) 

(18) 

On the other  hand, 

dQ~ = c~0 (2h + b -k s) dx. (19) 

Equating (18) and (19), we obtain af te r  a few t rans format ions  

[ ( s~ s~ _kt4 2s5 t5 3s6 
a~ = 2,65 (~o)~l~-h t~ - ~  -- t3 ~ xal- ~ -  x71---- ~ 

- -  in" 4s'_~_ q_ tv ~5sS/] +4,46 (~-~)J/4(b+s)]/(2h+b+s).  (20, 

The re la t ions  obtained for  the heat t r an s f e r  f rom ver t ica l ly  finned plates  yield the leas t  e r r o r s :  

1) 

2) 

in the design of plates  with short  fins,  where the i r  effect iveness  is approximately  100%. When 
it is n e c e s s a r y  to account for  the fin ef fec t iveness ,  one may additionally use  the resu l t s  in [6, 11, 
12]. 

In the calculation of mean (or local) heat  t r a n s f e r  coeff icients  for  plates  with the distance between 
fins sma l l e r  than twice the thickness  of the boundary l aye r  at the top (analyzed here)  plate sect ion.  
If s _ 26, the heat t r a n s f e r  can be calculated by conventional formulas  for  smooth ver t ica l  su r -  
faces .  
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NOTATION 

is  the t empera tu re ,  ~ 
is  the flow velocity,  m / s e c ;  
is  the specific heat,  J /kg  �9 ~ 
is  the density (weight), N/m3; 
is  the t empera tu re  di f ference between wall and surrounding medium, ~ 
is  the 
is  the 
is the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 
is  the 

thickness of boundary l aye r ,  m; 
accelera t ion  of f ree  fall,  m/sec2;  
thermal  volume expansivity,  1/~ 
plate height; 
kinematic viscosity;  
fin thickness,  m; 
distance between finS, m; 
fin height, m; 
thermal  flux, W; 
heat  t r an s f e r  coefficient,  W/m 2 �9 ~ 
the rmal  conductivity, W/m .~ 
Nusselt  number;  
Prandt l  number;  
Grashof number .  
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S u b s c r i p t s :  

w 
0 
f 
m . h . t .  
s i n  

x 

denotes the wall ( tempera ture) ;  
denotes the ambient  ( tempera ture) ;  
denotes  the l a t e ra l  fin su r faces ;  
denotes the m a x i m u m  heat  t r ans fe r ;  
denotes the smooth plate;  
denotes at height x .  

Ba r  above a symbol (~) denotes  the mean  value .  
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